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Let X be a connected smooth projective complex surface. J. Murre [7] constructed a 
decomposition of Chow motives for X, i.e. there exist mutually orthogonal idempotents 
7Tj G CH 2 (X x X)q as correspondences for < i < 4 such that ^7Tj is equal to the 
diagonal and the action of i\i on H J (X, Q) is the identity for i = j, and vanishes otherwise. 
The decomposition is not uniquely characterized by the above properties. See also [8]. 
The theory of Chow motives would be rather complicated if the following condition is not 
satisfied: 

(0.1) An idempotent of CH 2 (X x X) Q is zero if so is its cohomology class. 

Here we can also consider a stronger condition: 
(0.2) Ker(CH 2 (X x X) Q -> H 4 (X x X,Q)(2)) is a nilpotent ideal. 

This is related to Beilinson's conjectures [2]. If (0.2) is true, the uniqueness of the 
projectors modulo inner automorphisms can be proved due to Beilinson. See [7, 7.3]. 

Let h l {X) denote the 'image' of the projector 7r^ in the motivic sense. Then h 2 (X) carries 
the Albanese kernel and the Neron-Severi group as well as the transcendental cycles. This 
is compatible with a conjecture of S. Bloch [3] that the vanishing of the transcendental 
cycles (i.e. that of p g ) would be equivalent to: 

(0.3) The Albanese map is injective. 

Note that the noninjectivity of the Albanese map in the case p g ^ is a theorem of 
D. Mumford [6], and Bloch's conjecture is proved at least if X is not of general type [4]. 
See also [1], [13] for some more cases. 

In [7] the second projector Ti2 is actually defined as the difference between the diagonal 
and the sum of the other projectors 7r^. In the case p g = 0, we can construct explicitly 
a projector -n^ which is homologically equivalent to 1x2 and is orthogonal to the other 
projectors iii {i 7^ 2). Then we can prove Bloch's conjecture if 712 coincides with 7r2 
(modulo rational equivalence). So the conjecture is reduced to (0.1). Actually, we can 
show 
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0.4. Theorem. In the case p g = 0, the above three conditions (0.1-3) are all equivalent, 
and the cube of the ideal in (0.2) is zero if it is nilpotent. 

The proof of (0.3) =>- (0.2) uses an argument similar to [3] together with the bijectivity 
of the cycle map in the divisor case. Combined with the above mentioned result of [4] , it 
implies 

0.5. Theorem. If p g = and X is not of general type (or, if X is as in [1], [13]), then 
the cube of the ideal in (0.2) is zero. 

We can show that the square of the ideal in (0.2) does not vanish if the irregularity 
q (= dimT(X, )) is nonzero. 

In Sect. 1, we review Murre's decomposition of Chow motives, and prove (0.1) =>- (0.3). 
In Sect. 2 we show (0.3) =>- (0.2) using a variant of the construction of [3]. 

Part of this work was done during my stay at the university of Leiden. I would like to 
thank J. P. Murre for useful discussions on Chow motives that have originated this work. 
I thank also the staff of the institute for the hospitality. 



1. Chow motives 

1.1. Correspondences. For smooth proper complex algebraic varieties X,Y such that X 
is purely n-dimensional, we define the group of correspondences with rational coefficients 
by 

C\X,Y) Q = CK n+t (X xY) Q . 

For f G C l (X, Y) Q and 77 G C j (Y, Z)q, the composition is denoted by G C l+j (X, Z) Q . 
For C G CR l (X) Q , let 

(1.1.1) r c g c\ P t,x) q (= ch'pQq) 

be the element defined by (. For a morphism / : X — > Y, we denote by Tf the graph of / 
which belongs to C°(Y,X). Sometimes we will use the notation 

(1.1.2) r = r f , u = l v f . 

Assume X, Y connected. By Hodge theory together with the Kiinneth decomposition 
and the duality, we have a canonical isomorphism 

a-i-S) W7VTT »nUv^ =Hom HS (^- 1 (X,Q)(n-l),g 1 (^Q)), 

pr* t CB. (X) Q +pr* 2 CH. (Y) Q 

where the right-hand side is the group of morphisms of Hodge structures. See also [7], 
[12]. Let £ G CHqPOq,^ G CHqOOq with degree one. Then the left-hand side of (1.1.3) 
is isomorphic to 

(1.1.4) {r G C 1_n (X, Y) Q I ToT^ = and T^°r = 0}. 
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1.2. Murre's construction. Let X be a connected smooth projective variety of dimension 
n > 2. We choose and fix an embedding of X into a projective space. Let / denote the 
multiplication by the hyperplane section class. Let C be the intersection of n — 1 generic 
smooth hyperplane sections. (Note that [C] G CH n_1 (X) is independent of the choice of 
C.) By (1.1.3-4) there exists uniquely Y G CH^X x X) Q such that 

(1.2.1) r°r ? = o, *i>°r = o, 

(1.2.2) T^ol™- 1 = id on H\X,Q). 
We have *r = T if f = f . Note that (1.2.1) implies 

(1.2.3) I\ : H l+2n - 2 (X, Q)(n - 1) -> fP(X, Q) vanishes for i ^ 1. 
Let % : C — > X denote the inclusion morphism. Let 

7T = 1 0^02 ? 

where = *r i7 i* = I\ as in (1.1.2). Following [12] we define 

TTO = r[x]°*IY, 7Ti = 7r'o(l - V/2), 7T2 n -l = Vl, 7T2n = *71"0, 

where 1 denotes the diagonal of X. Then 

(1.2.4) (ttO^^'^Q) = <y ii<7 -id for i = 0, l,2n- l,2n. 
If n = 2, we define 7r 2 = 1 — ^ 

1.3. Theorem. (Murre [7]). iTi°irj = SijiTi for {i,j} C {0, 1, 2n — 1, 2n}. 

Outline of proof. We recall here some arguments of the proof which will be needed in the 
proof of the main theorems. See [7], [12] for details. 

We have r°z*°z*°r = T by (1.1.3-4), and *r°r = in CH 2 " n (X x X)q, because it is 
cohomologically zero by (1.2.3). So we get 

(1.3.1) n' 2 = n', V°7r' = 0. 
Then we can verify 

(1.3.2) 7if = 7Ti, 7r 2 n-i°7ri = 0, 7rio7r 2n -i = 0. 
We have furthermore 

(1.3.3) TYQon' = T\2n°T^' = = 7r'o7r 2n = 

Indeed, ttqojy' = by (1.2.1), and tt'ottq = 7r 2n o7r' = 0, because Tr'oFpq G C°(pt, X) is 
cohomologically zero (and similarly for *r[x]°7r / )- Finally the vanishing of / K , °'K2n follows 
from z*°z*°I> G C 2 ™- 1 ^,^) =0. 
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Then we can verify the remaining assertions. 
Remark. The Albanese map CH (A)q — > Aidx(C)q induces an isomorphism 

(7T2„-l)*CHo(X)£ ^ Alb x (C) Q . 

If n = dimA = 2, (7T2)*CHo(A)q coincides with the kernel of the Albanese map with 
Q-coefficients. See [7, 7.1]. 

1.4. Construction of '7f 2 . Assume n = dim A = 2 and p g = 0. Let Cj be irreducible curves 
on A such that the cohomology classes of [C;] form a basis of H 2 {X, Q)(l). Let Ci be 
the normalization of Cj, and (7 the disjoint union of (7$ with i : C — > A the canonical 
morphism. Let A = (Ajj) be the intersection matrix of the (7j (i.e. Aij = Ci»Cj). Let 
B = (Bij) be the inverse of A. 

Let T B G C-^C, <7)q = CH°((7 x <7) Q defined by the matrix B. Let 

T = i*oT B °i* ■ 

Since the composition 

i*o~i* : H°(C,Q) ^ H 2 (C,Q)(1) 
is given by the matrix A (using the projection formula), we see that 

(1.4.1) f*\H i (X,®) = 6 i , 2 id. 

(The assertion for i ^ 2 follows from the definition of T .) Note that *r = T because B is 
symmetric. We define 

n 2 = (1 - 7T>f o(l - V) 

Then the symmetry t 7r 2 = ^2 is clear. 

1.5. Proposition. tv 2 is an idempotent, and is orthogonal to 7Tj for i ^ 2. 
Proof. We have 7v'ojv 2 = by (1.3.1). Since 

r B oz*or e C" 2 (a, c) q = ch°(a x c) q 

is cohomologically zero by (1.2.3), we get 

(1.5.1) f°7r' = 0, 7r 2 °7r' = 0, 

using (1.3.1). Then we have *7r'°7r2 = n2 ot n' = by transpose, and 

(1.5.2) 7Vi°7T2 = 7T2°lTi =0 for % = 1,3. 

For i = 0,4, we have fo7r = fo7r 4 = by r B o?*or [X ] e C~ x (pt, C) = and I*or ? / e 
C2(j^ <7) = 0. Then (1.5.2) holds also for i = 0,4 using (1.3.3), because *f = f. 
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Finally we have 

(1.5.3) 7f?=7f 2 . 

Indeed, f is an idempotent, because T B oi*oi^or B e CH°((7 x C)q coincides with F B 
(cohomologically). Then (1.5.3) follows from (1.5.1) and (1.3.1). 

1.6. Proof of (0.1) => (0.3). Applying (0.1) to 1 - (E^tt* + ^2), we get n 2 = tt 2 by 
(0.1). So it is enough to show (7r 2 )*CH 2 (X)(Q) = by [7, 7.1] (because the Albanese kernel 
is torsion free by [9]). See Remark after (1.3). By the definition of 7r 2 , it is enough to show 
i*CH 2 (X) Q = 0. But this is clear. 



2. Cycle maps and correspondences 

2.1. Let X be a smooth proper complex variety with the structure morphism ax : X —> pt. 
Let Q(j) denote the Tate Hodge structure of type (— j, —j) (see [5]) which is naturally 
identified with a mixed Hodge Module on pt (see [10, (4.2.12)]). Then we have a cycle map 

(2.1.1) cl : CH?(X) Q - Ext 2p (a3,Q, a* x Q(p)) = Ext 2p (Q, (a x )*a x Q(p)), 

where Q means Q(0), and Ext is taken in the derived category of mixed Hodge Modules 
on X or pt. See (4.5.18) of loc. cit. (The last isomorphism of (2.1.1) follows from the 
adjoint relation.) The target is isomorphic to Q-Deligne cohomology, and (2.1.1) is an 
isomorphism for p = 1 as well-known. (This cycle map coincides with Deligne's cycle map 
which uses local cohomology, and can also be obtained by using the theory of Bloch and 
Ogus as was done by Beilinson and Gillet. In particular, its restriction to homologically 
equivalent to zero cycles coincides with Griffiths' Abel-Jacobi map.) 

Let X, Y be smooth proper complex varieties. Assume X is purely n-dimensional. Then 
the cycle map induces 

d: C*(X, Y) q - Ext 2n+2l (Q, (a XxY )*a XxY Q(n + i)) 
= Ext 2l ((a x )*a^Q, (a Y ) *a* Y Q(i)) . 

See [11, II]. This is an isomorphism for n + i = 1. By (3.3) of loc. cit, (2.1.2) is compatible 
with the composition of correspondences. 

2.2. Proposition. Let X, S be connected smooth proper complex varieties, and V e 
CW(S x X)q. Assume V is homologically equivalent to zero, and the cycle map (2.1.1) 
for X and p is infective. Then Y = Ti + T 2 where I\ is supported on D x X for a divisor 
D on S, and T 2 = [S] x f for £ £ CH P (X) Q . 

Proof. Let H 2p ~ 1 (X, Q)s denote a constant variation of Hodge structure on S such that 
the fibers are H 2p ~ l (X, Q). This is identified with the direct image of Qsxx by the first 
projection. Since the restriction of V to {s} x X is homologically equivalent to zero for 
any s G S, V determines a normal function 



eeExt 1 (Qs,H 2p - 1 (X,Q) s (p)), 
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where Ext is taken in the derived category of mixed Hodge Modules (using [10, 3.27]). 
Note that e can be identified with a section of S x J P (X) — > S (where J P (X) is Griffith' 
intermediate Jacobian), if we replace rational coefficients with integral coefficients. 
By the adjoint relation for as '■ S — > pt, we have a short exact sequence 

- Ext^Q, H 2 *-\X, Q)(p)) - Ext^Qs, H 2 *-\X, Q) s (p)) 

- Hom(Q, tf 1 ^, Q) ® H 2 p-\X, Q)(p)) - 0, 

where the first Ext and the last Horn are taken in the category of mixed Hodge structures. 
Since Y is homologically equivalent to zero, the image of e in the last term is zero, and 
hence e comes from the first term, i.e. it is constant. So there exists £ G CH p (X)q such 
that £ is homologically equivalent to zero and e is the image of [S] x £. Then replacing V 
with r — [S] x £, we may assume e = 0. 

Let be a finitely generated subfield of C such that X, S and Y are defined over k, i.e. 
there exist smooth proper /c-varieties Xf~, and Yj~ G CH P (S'/ C x^X/^q with isomorphisms 
X = Xfc ®/» C, etc. Let _KT = k(Sk) the function field of Sk, and the generic fiber of 
the first projection of Sk Xk -^V Let Yk G CH p (X^)q denote the restriction of IV Then 
it is enough to show Yk = 0. 

We choose an embedding K — >■ C extending k — > C. Since e = 0, the image of r^(g>^C G 
CH p (X)q by the cycle map is zero, because <S>k C is identified with the restriction of 
T to {s} x X where s & S corresponds to the embedding K — > C. So T^- ®x C is zero by 
hypothesis. Then the assertion follows from the injectivity of CH p (X^)q — > CH p (X)q. 

2.3. Theorem. Let X be a connected smooth proper complex surface such that the Al- 
banese map for X is injective. Then the cube of the ideal in (0.2) is zero. 

Proof. Let Y G CH 2 (X x X)q that is homologically equivalent to zero. Then Y = Yi + Y2 
such that Yi is supported onDxX and r 2 = [X] x £ as in (2.2). We have to show 

(2.3.1) r^or^r, = o {% = 1,2) 

for any Y' , Y" G C°(X,X) which are homologically equivalent to zero. 

For % = 1, let Y denote the normalization of D with / : Y — > X the canonical morphism. 
Then there exists Y[ G C°(Y, X)q such that Ti = Y[°f*. By the injectivity of the cycle 
map in the divisor case, it is enough to show that the image of Y'^Y'oY^ by (2.1.2) is zero. 
Since T', r" are homologically equivalent to zero, and Ext 2 vanishes, the assertion follows 
by using for example a (noncanonical) decomposition 

(a x ),a* x Q^(B l H l (X,Q)[-i} 

in the derived category of mixed Hodge Modules on pt (or equivalently, of graded- 
polarizable mixed Hodge structures). See [10, (4.5.4)]. 

The argument is similar for % = 2 by using the injectivity of the Albanese map, because 
it is enough to show that the image of r"or'org G C 2 (pt,X) by the cycle map (2.1.2) is 
zero. This completes the proof of (2.3). 
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2.4. Remark. The square of the ideal in (0.2) is nonzero if Q) ^ 0. Indeed, let C 

be a hyperplane section of X with the inclusion morphism i : C — > X. By Hodge theory 
we have a divisor D on C x X such that D* : H l (C, Q) — > H l (X, Q) is zero for i 7^ 1 and 
_D*°i* : H 1 (X, Q) — > H 1 (X, Q) is an isomorphism. Let be a finitely generated subfield 
of C such that X, C, D are defined over /c, i.e. there exist Xk, Ck, Dk with isomorphisms 
Xk ®k C = X, etc. Let .D^ = (pr^ x id)*Dk where pri : Ck Xk Ck —> Ck are the natural 
projections for i = 1,2. Let K = /c(Ca; X& Ck), and be the restriction of Di to the 
generic fiber of Ck x^ Ck Xjt — > x^ Ck- Then Yk,2 is the restriction of 

D k x fc Let Tj = T K}i ® K C G C 1 (pt, X)q. Then the composition of T[c] ot ^i and 
rio t r[ C 7] is equal to a nonzero multiple of r2°*ri, and this is nonzero. 
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